We address the regularity of solutions to elliptic and parabolic equations of the form −Δ + ⋅ ∇ = 0 and − Δ + ⋅ ∇ = 0 with divergence-free drifts . We are particularly interested in the case when the drift velocity is assumed to be at the supercritical regularity level with respect to the natural scaling of the equations. Using Harnack-type inequalities obtained in our previous works [7] and [8], we prove the uniform continuity of solutions when the drift lies in a slightly supercritical logarithmic Morrey spaces.
Introduction
We address the continuity of solutions to drift-di usion equations of the form with divergence-free drifts of low regularity. We prove that in any space dimension , solutions to (1.1) respectively (1.2) admit modulus of continuity if the drift is only bounded in a local logarithmic Morrey space
with /2 < ≤ respectively ( +2)/ −1 , with /2 + 1 < ≤ + 2, which have slightly supercritical scaling when the parameter is nonnegative.
To describe the regularity conditions on the drift velocity , we recall that the parabolic equation (1.2) remains invariant under the scaling transformations In a subcritical regime, the transport part is weaker than the di usion in small scales, and strong regularity results can be inferred by the linear perturbation theory. With a critical vector eld , the Hölder continuity of solutions to (1.2) was obtained in several works by extending the classical De Giorgi-Nash-Moser theory [5, 13, 14] . For ∈ with / + 2/ = 1, we refer to [11, Chapter 3] . It is well known that the condition div = 0 can be used to relax the regularity assumptions on the drift. In this direction, the Hölder continuity was recently obtained in [6] and [16] for divergence-free drift in the space ∞ BMO −1 .
For divergence-free drift in the Morrey space
for all and satisfying 1 ≤ / + 2/ < 2, the same result was proved in [15] . The persistence of Hölder continuity of linear drift-di usion equations with nonlocal pressure was obtained in [17] provided the divergence-free drift velocity belongs to the critical space with ∈ (−1, 1] and = 2/(1 + ), where is an 1 -based Morrey-Campanato space. For more related results with critical regularity on the drift see also [1-4, 9, 10, 12, 19, 20] .
With a supercritical assumption on the transport part of the equation dominates the di usion in the small scales, and a regularity result presents a challenge even for divergence-free drifts. Recently, in [18] , a negative result was given in two dimensions: In the case of time-dependent drift ∈ ∞ (ℝ 2 ) with ∈ [1, 2), there are solutions of (1.2) which become discontinuous in nite time. On the other hand, in the same paper, the authors prove that a solution to (1.2) remains continuous if the drift is time-independent and lies in the supercritical space
In the present note, we prove the continuity of solutions to (1.1) and (1.2) provided the drifts belong to suitable slightly supercritical logarithmic Morrey spaces (cf. Theorems 2.1 and 2.2). These results rely on Harnack inequalities for elliptic and parabolic equations with divergence-free drifts in supercritical regime, established in our previous works [7] and [8] by using Moser's iteration technique. We state the Harnack-type estimates next for convenience.
Theorem 1.1 ([7]). Let be a nonnegative Lipschitz solution to the elliptic equation
in a domain ⊂ ℝ . Assume that ∈ ( ) for /2 < ≤ , and that div = 0 in the sense of distributions. Then for any ball ( 0 ) ⊂ we have
4)
where
Here and elsewhere in this paper, the symbol denotes a large constant which depends on the parameters and .
In the next statement, we recall the Harnack inequality for parabolic advection-di usion equations with supercritical drifts. 6) where 0 = 1/( ) and
Observe that the Harnack "constants" in both estimates (1.4) and (1.6) depend exponentially on the drift velocity and blow up as → 0. Thus, Hölder continuity cannot be inferred from Theorems 1.1 and 1.2 when the drifts belong to supercritical Lebesgue spaces. However, if a suitable logarithmic Morrey norm of is bounded in small scales, so that the "constants" grow only polynomially, then our main results, Theorems 2.1 and 2.2, assert that the solutions to (1.1) and (1.2) are locally uniformly continuous, with a weaker Dini-type modulus of continuity. The paper is organized as follows. In Section 2, we state our main results Theorems 2.1 and 2.2 for elliptic and parabolic equations with slightly supercritical drifts. Section 3 is devoted to the proofs. for functions in the Lebesgue space ( ), where is a domain in ℝ . Clearly, when the parameter is nonnegative, the space , ( ) generalizes the classical Morrey space
Notation and the main result
Let be a space-time domain in ℝ × (0, ∞). The local parabolic Morrey space , ( ) is de ned in a similar way, using the parabolic norm
Recall that is a Lipschitz solution of the elliptic equation
for any Lipschitz function ≥ 0 in such that = 0 in . Here we state our rst main result which is proved in Section 3. The following statement addresses the parabolic equations with slightly supercritical drifts.
Theorem 2.2. Let be a Lipschitz solution to the parabolic equation
where is a space-time domain in ℝ × (0, ∞). Assume that ∈ ( +2)/ −1 , ( ) ∩ ∞ 2 ( ) with /2 + 1 < ≤ + 2 and 0 < < 1 such that div = 0 in the sense of distributions. Then the solution is locally uniformly continuous in .
The additional summability condition on the drift ∈ ∞ 2 ( ) is required for the parabolic Harnack inequality (1.6) to hold.
Proofs of the main results
In this section we establish the proofs of Theorems 2.1 and 2.2.
Proof of Theorem 2.1. Let be a Lipschitz solution to (2.1) in . Without loss of generality, we assume that 0 = 0 and 1 = 1 (0) is contained in . It su ces to prove that admits a modulus of continuity near the origin, that is, there exists a nondecreasing function : [0, 1) → [0, 1), continuous near 0 with (0) = 0, such that for any ⊂ with 0 < < 1,
holds for any , ∈ /2 , where is a positive constant.
Denote ( ) = sup , ( ) = inf for 0 < < 1. Since ( ) − and − ( ) are nonnegative Lipschitz solutions in , we can apply Theorem 1.1 to the balls ὔ and with 0 < ὔ < < 1:
and sup
where ( ὔ ) denotes the Harnack constant from Theorem 1.1. Namely, we set
From (3.1) and (3.2), we have
and
Adding these inequalities together gives
( ), we may bound ( ὔ ) from above as follows:
≤ exp |log ὔ | log |log ὔ | for any 0 < ὔ < < 1 and > 0. Next, the inequality
holds provided 0 < ὔ < 1 is su ciently small and 0 < < 1.
From (3.7) and (3.8), we obtain
for any su ciently small 0 < ὔ < < 1 and any 0 < < 1.
Now, we denote
Clearly ( ) ∈ (0, 1) for any 0 < < 1. Let , be two points in /2 and let = | − | < . We choose an integer so that
Iterating the estimate (3.6), we obtain diverges. Indeed, since (3.9) holds for all ∈ ℕ large enough, the series (3.15) diverges by comparing it with the divergent harmonic series ∑ ∞ =1 / . Therefore, the proof is complete. Proof of Theorem 2.1. We use the same arguments as in the proof for the elliptic case. The only di erence is that here we rely on the parabolic Harnack inequality (1.6) and the local parabolic norm ( +2)/ −1 , ( ) on the drift.
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